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Free Electron Fermi Gas and Energy Bands 





Chapters: 6,7 


OUTLINE: 


	A.  Quantum Theory and energy levels 


		1.  Schrodinger's equation 


     		2.  quantum numbers and energy levels 


     		3.  Fermi energy 


     		4.  effects of temperature 


     		5.  free electron gas 





	B.  Heat Capacity of the electron gas 





	C.  Electrical conductivity 





	D.  Motion in magnetic fields 


    		1.  review 


     		2.  Hall effect 


	


	E.  Thermal conductivity of metals 





	F.  Nearly free electron model and the energy gap





	G.  Block functions 





	H.  Kronig�Penny model 





	I.  Wave equation of electron in a periodic potential 


		1.  Schrodinger's Equation


		2.  The Central Equation


		3.  Approximation at the zone boundary


		4.  Approximation near the zone boundary








STUDY QUESTIONS: (for 3rd test � not for collected homework assignment) 


 1.  a)  What is meant by a free electron Fermi gas?  (discuss each of the four words) 


     b)  What is the Schrodinger's equation for this case? 


     c)  What is the wavefunction for this case? 


     d)  How do energy levels come into play? 


     e)  What is the Fermi energy?  (in words and in formula)


     f)  Can any k exist?  If not, why not? 





 2.  a) How does temperature enter into the free electron Fermi gas? 


      b)  What is kFermi and what is TFermi ? 


      c)  How does (Fermi relate to N/V ? (be able to derive this) 


      d)  What is D(() in words and in formula? 





 3.  Derive Celectron  and compare to Clattice . 





 4.  Derive Kelectrons and compare to Klattice   and explain the big difference. 





 5.  Derive ( = ne²(/m.  Be sure to define each symbol used. 





 6.  a)  What is the Hall effect? 


     b)  Derive the Hall coefficient. 


     c)  Is RH > 0 or RH < 0 if electrons are the current carriers? 


 


7.  a)  Write the wave equation of an electron in a periodic potential.


     b)  Assume appropriate solutions for the wave equation. 


     c)  Derive the Central equation. 





 8.  Assuming U=0, show that #8c) gives the free electron solution. 





 9.  Assuming all the U's = 0 except U-1 and U+1 , derive the energy gap at the zone boundary. 


 


10.  Outline the solution of the Central equation for near the zone boundary using the appropriate 	assumptions.








COLLECTED HOMEWORK ASSIGNMENTS:


24.  Fermi Energy 


	Starting from the mass density, number of valence electrons, and the atomic mass, find the electron density, Fermi energy, Fermi temperature, Fermi wavevector, and Fermi velocity for a metal of your choosing.  [You may check your answers with Table 1 on page 150 in book.]








25.  Kinetic Energy of Electron Gas 


	Show that the kinetic energy of a three�dimensional gas of N electrons at 0K is: UO = (3/5)N(F , where (F is the Fermi energy.  [HINT:  recall UO = N<(>.]








26.  Chemical Potential in Two Dimensions 


	Show that the chemical potential (() of a Fermi gas in two dimensions is given by: 


		((T) = kB T ln[exp{n((2/mkBT} � 1] , 


for n electrons per unit area.  Note: the density of orbitals of a free electron gas in two dimensions is independent of energy:     D(() = L²m/((2 , per unit area of specimen.  ( ( = h/2( )


	[HINT:  Start from N = (D(() f((,T) d(   (be sure to identify what N, D(() and f((,T) represent).]


	[HINT:  ( (1/[ex+1])dx  =  ln(ex /[ex+1]) ]  Watch your limits when you substitute x for ((-()/kBT ]


Note that for small T, exp{n((2/mkBT} >> 1 so 1 can be neglected;  then ln{ex} = x and so


 ((T) = n((2/m  (which says ( is independent of T for small T in the 2-D case!)	








27.  Fermi Gases in Astrophysics 


	(a)  Given that the mass of the sun is 2x1030 kg and assuming that the sun is pure hydrogen, estimate the number of electrons in the Sun.





	(b)  What is the Fermi energy (in eV) for electrons assuming all the electrons are ionized in the sun?  [sun's Radius = 6.96 x 108 m]





	(c)  In a white dwarf star this number of electrons may be ionized and contained in a sphere of radius 2x107 m; find the Fermi energy of the electrons in electron volts.  (The sun could become a white dwarf when it runs out of hydrogen fuel to keep it at its present size).





	(d)  The energy of an electron in the relativistic limit E >( mc² is related to the wavevector as E = pc = (kc (instead of E = (²k²/2m).  Show that the Fermi energy in this limit is (F ( 3(c(N/V)1/3 [Recall from relativity that KE = ½mv2 is no longer valid for any e- with KE >( moc2 ( .5 MeV.]





	(e)  If the above number of electrons were contained in a pulsar of radius 10 km, show that the Fermi energy would be  ( 108 eV.    [HINT:  Consider whether part d above applies here.  If it does, justify using it here.]  


	This value explains why pulsars are believed to be composed largely of neutrons rather than of protons and electrons, for the energy release in the reaction n ( p + e is only 0.8 MeV which is not large enough to enable many electrons to form a Fermi sea.  The neutron decay proceeds only until the electron concentration builds up enough to create a Fermi level of 0.8 MeV, at which point the neutron, proton, and electron concentrations are in equilibrium. 





28.  Frequency Dependence of the Electrical Conductivity 


	Use the equation: 


		(F = m a   and   E(t) = Eoe-i(t ,


	or


		q Eoe-i(t � mv/( = m(dv/dt) , 


where q = �e for an electron, Eo is the amplitude of the oscillating applied electric field, ( is the angular frequency of the oscillating applied electric field, and ( is the collision time, to show that the conductivity (() at frequency ( is: 


		((() = (o [{1+i((} /{1 + ((()²}]          where (o = ne²(/m. 





29.  Frequency Dependence of the Electrical Conductivity (alternate way)


	(a)  Do the above problem except this time assume E(t) = Eosin((t) and show that the conductivity (() at frequency ( is: 


		((()  =  (o [{1+((()²}½ /{1+((()²}]  =  (o /([1+((()²] 


	and


		v(t) = vo sin((t+() 		where	     ( = tan-1(-((). 





	(b) Show that the answers to problems  28  and  29  are equivalent. 


30.	a)  From the DC conductivity, (o = ne²(/m, calculate ( at room temperature using values for (o at room temperature from Table 3 on page 160 and using n from Table 1 on page 150 for the metal you used in homework problem 24.  [If your metal is not listed in the table on page 160, you may choose a different metal.]


	b)  Using your value of ( from part a above, and using the results of homework problem 29 for ((():  ((() = (o / ([1 + ((()²] , find:


		b-1) ((f = 60 Hz)  and then compare to (o;


		b-2) ((f = 10 GHz) and then compare to (o.


		b-3) at what frequency will ((() = ½ (o ? 


	c)  Find the mean free path, ( using the relation ( = vF * ( and your value for ( from part a and your value for vF for your metal.





31.  Derive the expression:  Kthermal = (1/3)C v (  for the thermal conductivity of particles of velocity v, heat capacity C, and mean free path (.   (This was done for phonons in the last section, so you should have this in your notes, but it also should apply to electrons.) 





32.   	(a)  Use values previously obtained for C, v and ( for electrons and calculate Kthermal due to the electrons.  [Assume heat capacity per number = 3NkB in high T limit, but C above is for heat capacity per volume:  C = 3(N/V)kB . ] 


	(b)  Use values previously obtained for C, v and ( for phonons and calculate Kthermal due to the phonons.  [You may assume the same heat capacity per number as in part a;  for (, you may assume a value of about 10 nm.  See Table 2 on page 133 of the text; you have previously determined v for the phonons for one material.]


	(c)  Compare the values for Kthermal due to the electrons and the phonons, and then comment on the thermal properties of conductors versus insulators.





33.  Demonstrate that the equations: 


                    a1x + b1y + c1z = 0 


                    a2x + b2y + c2z = 0 


                    a3x 
