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1. INTRODUCTION

We investigate the asymptotic behavior of solutions of the scalar
linear homogenecous Volterra integro-differential equation

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (1.1)

for t > 0, where a and b are real-valued functions that are continuous
on the respective domains [0, co) and

QO ={(t,s): 0<s<t<oo}.
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Definition 1.1.

A solution of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (1.1)

on [0,T), where 0 < T < oo, with an initial value xyp € R is a
continuous function x: [0, T) — R that satisfies (1.1) on (0,T") such
that x(0) = z.

Since a and b are continuous functions, a solution x(t) satisfying the
initial condition x(0) = x( exists on the entire interval |0, co) and is
unique. (cf. [4, p. 5] or [7, pp. 23-27, p. 221)).

At times, instead of x(t), we write x(t, 0, xy) for the sake of clarity.

Furthermore, for each ¢y > 0 and each continuous initial function
@: [0,tg] — R, there is a unique continuous function z: [0, 00) — R
that satisfies (1.1) on (¢, 00) such that x(t) = ¢(t) on [0, to).

(cf. [8, p. 179])

We denote this solution by z(t, tg, ¢).



Example.

7' (t) = —% x(t) +/0 ki - 2(s)ds (E)

+1 (1+1)
Initial function: () = 3sin (2¢) — 2t on the interval [0, 2].

°°°°
B
°
o0

Fic. 1. A numerical solution of (E)

(from the Maple Application Center: Scalar Volterra Integro-Differential
Fquations by Becker, see “6. Integro-differential equation 27)

In fact, all solutions of (E) approach 0 as ¢ — oo. This can be shown
with the Liapunov functional

Vit $0) =1+ 00
+/0 [1 Jlr s /S (‘fisj)‘z du] *(s) ds.




Employing Liapunov functionals that were constructed for (1.1) by
Burton in [8, p. 122] and [9] and by Becker in [5, p. 34], with some
modifications, we obtain a number of conditions involving a and b
so that the zero solution of (1.1) is stable and its other solutions
approach zero as t — oo. Typically, one looks for conditions so that
the derivative x/(t) is bounded on [0, 00).

However, we suggest that in investigations of stability more empha-
sis ought to be placed on the uniform continuity of the solutions.
The reason for this derives from the observation: every differentiable
function with a bounded derivative is uniformly continuous—but not
conversely as attested by the function

iy = 20

Even though its derivative f’ is unbounded on [0, 00), f is uniformly
continuous on [0, 00). Moreover, f(t) tends to zero as t — oo.

(1.2)

A thesis then of this paper is that it takes fewer and less stringent
conditions to imply solutions are uniformly continuous and approach
zero than it takes to imply solutions have bounded derivatives and
approach zero.



Notation.

e Cto, 1] (resp. Clty, 00)) denotes the set of all continuous real-
valued functions on [ty, t1] (resp. [tg, 00)).

e For v € C|0, t), let
[pley = sup{|p(t)]: 0 <& <tp}.

e 1}0, 00) denotes the set of all continuous real-valued functions
that are absolutely Riemann integrable on [0, 00). That is, by
g € L0, 00) we will mean that

t
1im/ lg(s)| ds
t—oo [y

exists and is finite.

e %[0, 00) denotes the set of all continuous real-valued functions
that are square integrable on [0, 00). That is, by h € L?[0, c0)
we will mean that  is continuous on [0, 00) and h* € L[0, 0o).



The first theorem in this paper lists conditions ensuring that all
solutions of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (1.1)

approach 0 as t — oo. Its proof relies on

Barbalat’s Lemma. If f: [0,00) — R is both uniformly con-
tinuous and Riemann integrable on [0,00), then f(t) — 0 as
t — 00.
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[. Barbalat, Systems d’équations différentielle d’oscillations nonliné-
aires, Rev. Roumaine Math. Pures Appl. 4 (1959), 267-270.

Recent proof:
H. Logemann and E.P. Ryan, Asymptotic Behaviour of Nonlinear
Systems, Amer. Math. Monthly 111 (2004), 864-8839.
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The idea that Barbalat’s Lemma might prove fruitful in looking for
conditions so that x(t) — 0 as t — oo originated from obtaining the
result

/t a(s)|x(s)|ds <k, Vt>0  (ka constant) (B)

from one of the Liapunov functionals in this paper.



Definitions of Stability

Definition 1.2.

The zero solution of

1S

(1) stable if for every € > 0 and every ty > 0, there exists a
0 = (e, tp) > 0 such that ¢ € C0, ] with |p|;, < ¢ implies
that |x(t, tg, )| < € for all t > t.

(2) globally asymptotically stable (asymptotically stable in the

large) if it is stable and if every solution of (1.1) approaches
zero as t — 0o0.



2. A UNIFORMLY CONTINUOUS LIAPUNOV FUNCTIONAL

Lemma 2.1. Let f € C|0,00). Iflim;_, f(t) exists and is finite,
then f is uniformly continuous on |0, 00).

Consequently,

Lemma 2.2. Let f € C[0,00). If f is Riemann integrable on
[7,00) for some T > 0, then fot f(s)ds is uniformly continuous
on [0, 00).
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Theorem 2.3. Let a: [0,00) — [0,00) and b: 2 — R be contin-
uous functions. If

/ 1b(u, s)| du < a(s) (2.1)

for allt > s > 0, then the zero solution of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (2.2)

i1s stable. Furthermore, if for some t;1 > 0 there is a constant
k > 0 such that

a(t) > k (2.3)
for allt > t1 and a constant X\ € (0,1) such that

/ 1b(u, s)| du < Aa(s) (2.4)

for all t > s > t1, then every solution x(t) of (2.2) belongs to
LY0,00) and is uniformly continuous on [0,00). Moreover, the
zero solution 1s globally asymptotically stable.



Proof.
Part 1. [The zero solution is stable.]

Define the Liapunov functional V': [0, 00) x C0, 00) — [0, 00) by

t t
Vit o) = w0l + [ ats) = [ twslao] lois)as. @3)
0 s
By (2.1), V(t,9(-)) > [¢(t)] for all t > 0.
For any to > 0 and ¢ € C0,t], let z(t) = x(t,ty, ) denote the
solution of (2.2) on [0, 00) with z(¢) = () for 0 < t < t.

Now consider V(t) := V(t,x(:)) and its derivative. Since z(t) is
continuously differentiable on [ty, 00), |x(t)| has a right derivative
D, |x(t)| given by

) 2'(t)sgnx(t), if x(t) #0
DyJa(t)] = {‘x,@" ST

for all ¢t > ¢ (cf. [14, p. 26]).
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/t b(u, s)|du < a(s) Vit>s>0. (2.1)

2'(t) = —a(t)x(t) +/0 b(t, s)x(s) ds, (2.2)
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2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds, (2.2)
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Thus, the right derivative of V' for t > ¢ is

D,V (t) = D,|z(t)| + %/0 [a(s) — / b(u, s)| du] |z(s)| ds
< —alt)el0)] + [ 1b(t.5)o()] ds
albla(o)] = [t slla(s)| s

and so
D,V (t) <0. (2.7)
Thus,
z(t)] < V() < Vi(to) (2.8)
for all t > t,, where

Vit =t + [ [ats) = [ btuss)l ] fots)1ds

< M(to)|lt,
and

Mity) =1+ /0 § [a(s)— / " b s)\du] ds. (29)

For a given € > 0, let § = ¢/M(ty). Then for ¢ € C0, o] with
|olt, < 0, we have

[2()] < V(to) < M(to)lelty < 0M(to) =€ (2.10)
for all ¢ > ¢y, which proves stability.
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Part 2. [Every solution belongs to L]0, 00).]
Suppose for some t; > 0, 3k > 0 and A € (0, 1) such that
alt) >k, Vt>t (2.3)
/t b(u, s)|du < Aa(s), Vt>s>t. (2.4)
Let v := v\ ansd

Vit) = ls(t]+ [ ats) =2 [ bt )l au] oo s, 210

By (2.4),
e V,(t) > Ja()] (2.12)

for all ¢ > t1. And

D, V,(t) < —a(t)|x(t \Jr/\btst s)| ds

#a(0le(0] = > [ttt s
(2.13)
—(1 = 7)a(t)|2(t)]
for all t > 7, where 7 := max{to, t1}. Then, because of (2.3),
DV (t) < —k(1 —7)|(t)]- (2.14)
An integration (cf. [14, Cor. 4.1, p. 27]) along with (2.12) yields

()] < Vi) < Vi(r) — k(1 —~ /\x ds  (215)

for all t > 7. Therefore, fo |z(t)| dt converges.
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2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (2.2)
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Part 3. [The zero solution of (2.2) is globally asymptotically stable
and every solution is uniformly continuous.]

Recall z(t) = x(t, to, ) denotes the solution with z(t) = ¢(t) for
0 <t <ty Consider again V(t) = V (¢, z()):

V(e = o0+ [ fato)— [ Itas)ld] o) ds.

By (2.7), namely D,V (t) <0, V(t) is decreasing on [ty, 00). Conse-
quently, as V(t) > 0,

tlim V (t) exists and is finite.
—00

*. V' is uniformly continuous on [0, 00) by Lemma 2.1.

Now go back to V,(t):

v t/ b@ __1/\bus\d4\$(ﬂd5

An integration of

D,Vy(t) < =(1 = 7)a(t)|2(t) (cf. (2.13))
yields

Vi) = Vilr) < ~(1=1) | a(s)la(s)] ds

12



Hence, t
v
[ olsiete)las < 72
T 1 — Y
for all t > 7. And so a(t)|x(¢)| is Riemann integrable on [, 00). By
Lemma 2.2,

t
| atslats)as
0
is uniformly continuous on [0, 00).

This suggests that the integral terms in V (¢), viz. the function

W)= [ ot~ [ 1wl d] (5 s,

may also be uniformly continuous on [0, 00). Let’s prove that this is
the case. Define h: [0, 00) x [0, 00) — [0, 00) by

]K@S)__{a@)—f;w@%@hﬁbiftzs’

B al(s) ift <s. (2.16)

For a fixed t* € [0, 00),
0 < At s)]x(s)] < als)]z(s)].
Thus, h(t*, s)|z(s)| is integrable on [0, c0) and
/ h(t*, s)|z(s)|ds < / a(s)|z(s)| ds < oo.
0 0
Consequently,
/ h(t, s)|z(s)| ds
0

defines a function, call it w(t), on the interval [0, 0o).

13



For to > t; > 0, h(te, s) < h(t1, s). This implies the function

w(t) = /000 h(t, s)|z(s)| ds

is decreasing on [0, 00). As w(t) > 0, w(t) approaches a finite limit,
say L, as t — oo. This in turn implies W (t) — L as

(W(t) = LI < [W(t) — w(t)] + |w(t) — L]

/0 h(t,s)|z(s)|ds — /000 h(t, s)|z(s)| ds
+ |w(t) — L|

_ ‘_/too h(t, )|z (s)| ds

+ |w(t) — L|

_ /too a(s)|z(s)| ds + w(t) — L.

. W is uniformly continuous on [0, 00) by Lemma 2.1.

We established that V' and W are uniformly continuous on [0, 00).
Hence, so is the difference V' (t) — W (t) = |z(t)].

By Part 2, |z| € L'[0, 00).
By Barbalat’s lemma, |x(t)| — 0 as t — oo.

By Lemma 2.1, x(t) is uniformly continuous on [0, co). O
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Example 2.4. Every solution of
2t

2'(t) = —(t +1)x(t) + /0 11— x(s)ds (2.17)

belongs to L'[0, 00) and is uniformly continuous on [0, 00) and its
zero solution is globally asymptotically stable.

Pmaf As a(t) = t+ 1, (2.3) is satisfied with & = 1 . And as
= 2t(1 +t* — )—2,

2 1
b(u, s)| du = du=1— .
/‘ (w, )| du = /s( T+ —s22 " 1412 — 52

Clearly then (2.1) is satisfied as

/ b(u, s)|du <1+ s=a(s)

forall t > s > 0. Also, fort > s > 2,
1

t
1 1 1
b(u,s)|du <1— <l+-=- < = :
[ bl )l <1 = g < 14 = = als) < als)

In other words, (2.4) is also satisfied with t; =2 and A =1/2. [

Kok ok oK oK SR SR SR R KKK R R R K SR SR SR R R K KK R R R SR SRR SRR SR R R ok ok Sk Sk sk SRk skokoskok skoskosk skoskoskokokok sk

t
/ b(u, s)|du < a(s) Vit>s>0. (2.1)
Forat; > 0,3k > 0and A € (0,1) such that
alt) >k, Vt>t (2.3)
t
/ b(u, s)|du < Xa(s), Vt>s>t. (2.4)
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The Maple worksheet [3]—at the Maple Application Center website—
uses the implicit trapezoidal rule and Newton’s method for nonlin-
ear systems to numerically approximate solutions of scalar Volterra
integro-differential equations and draw their graphs. It was used to
compute and graph the three numerical solutions of (2.17) in Fig. 2.
A step size of h = 0.1 was used.

One solution satisfies the initial condition z(0) = 1.
The other two solutions have the initial functions:
©(t) = 2+ t on the initial interval [0, 1]

and
@(t) = —2 +sin(2t) on [0, 2].

F1a. 2. Three numerical solutions of (2.17).
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The next theorem drops the condition in Theorem 2.3 that a(t) be
eventually bounded below by a positive constant (cf. (2.3)).

Theorem 2.5. Let a: [0,00) — [0, 00) and b: 2 — R be continu-
ous functions satisfying conditions (2.1) and (2.4). If a constant
L and a nonnegative function p € L'|0,00) exist such that

t
/ e~ Jeatdu ge < . (2.18)

0
for allt > 0 and

/ e Hempe ] de < pls) (2.19)

S

for allt > s > 0, then the zero solution of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (2.2)

s globally asymptotically stable.

SRR KRR R R ROk ok R Rk R R R ROk K
t

/ b(u, s)|du < a(s) Vit>s>0. (2.1)
S

For at; > 0,3\ € (0,1) such that

t
/ b(u, s)|du < Aa(s), Vt>s>t. (2.4)

Kok ok oK SR SR SR SR R KKK R R R SR K SR SR SR R K K KR SRR SR SR SR SR SR SR R R ok ok Sk Sk sk SRk skokoskok skosk sk skokoskokokoke sk
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Example 2.6. The zero solution of
' = —a(t)r (2.20)
is globally asymptotically stable if a constant a > 0 exists such that

/ta(u) du > ot — ty) (2.21)

to
fOI’tZ to Z 0.

Proof. Condition (2.18) is satisfied with L = 1/a. The other three
conditions in Theorem 2.5 are trivially satisfied as b(t, s) in (2.2) is
identically equal to zero. ]

Remark 1. In fact under condition (2.21), the zero solution of (2.20)
is uniformly asymptotically stable in the large (cf. [11, p. 88)).

18



Example 2.7. The zero solution of

7' (t) = —tx(t) +/0 b(t, s) z(s)ds, (2.22)

where b: €2 — R is the function

0, if0<s<3
b(t,s) = —1 —1 2.23
(t,s) = (3t —1)(3s )7 s> 1 (2.23)
(1+t+s)

is globally asymptotically stable.

Proof. Since a(t) = t,

/t e J alw) du d¢ = e ! /te€2/2 d¢ =V2D(t/V?2),  (2.24)

0 0
where D is Dawson’s integral, namely,
t
D(t) = " / e dt. (2.25)
0

[t can be shown using an elementary argument that D is bounded on
0, 00), but that is a long established fact (cf. [1, p. 298]). From the
information in [1] or through the use of a computer algebra system,
we find that (2.24) has a absolute maximum value of 0.7651 ... at
t =1.3069. ... Consequently, (2.18) holds with L = 0.8,

Kok R oK SR SR SR SR R KSR K R R R K SR SR SR SR R K KK R SR R Sk SR R SR SR SR R R kR Sk ok sk sk skoskoskok skosk sk skokoskokokok sk

There exists a constant L such that

t
/ e Jeemdn ge < 1w >, (2.18)
0
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Fort > s>1/3,

/:\b(u,s)\du:/: (Bu - 1)@3s — 1) du

(1+u+s)
"(Bu—1) 35 — 1
< (33—1)/5 T+ ap du < [(1+3)4] s < 0.2s.
(2.26)

Since b(t, s) = 0 for 0 < s < 1/3, we conclude

/ b(u, s)| du < Xa(s) (2.27)

forall t > s > 0, where A = 0.2. Thus, (2.1) and (2.4) hold for all
t>s>0.

From (2.26) we see that

[k oyde < [ e olae <pe) 29

where

0, if0<s<3
p(s) = — 2.29
(s) 35=1] 0 hast (2.29)
(1+s) 3
Since p € L0, 00), condition (2.19) holds. H
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There exists a nonnegative p € L]0, oo) such that

¢ t
t/eﬁwwww@JW%Sp@L‘WZSZO. (2.19)

S
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The graphs of four numerical solutions of (2.22) computed with
the Maple worksheet [3] are shown in Fig. 3. One of the solutions
satisfies the initial condition x(0) = 2. The others issue from the
initial functions

and
p(t) =342t

on the initial interval [0, 1].

F1c. 3. Four numerical solutions of (2.22).

21



Proof of Theorem 2.5.

Proof. The zero solution of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (2.2)

is stable because of (2.1). We will show that all of its solutions

approach zero as t — oo by comparing them to the solutions of the
equations

y'(t) = — (a(t) + %)y(t) +/0 b(t, s)y(s)ds, (2.30)

where k € N (the set of natural numbers). Note that for a given
k € N, (2.30) has a globally asymptotically stable zero solution on

account of a(t) + 1/k and b(t, s) satisfying all of the conditions of
Theorem 2.3.

3Kk R oK oK SR SR SR R KKK R R R SR SR SR SR SR R K K KR R Sk SR R SR RSk R skookook Sk Sk sk sk skokoskok skoskosk skokoskokokoke sk

/t b(u, s)|du < a(s) Vit>s>0. (2.1)
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For any ¢ty > 0 and ¢ € C0, ¢, let z(t) be the solution of

2'(t) = —a(t)z(t) +/0 b(t, s)x(s)ds (2.2)

with x(t) = @(t) for 0 < t < ty. For k € N, let y(f) denote the
solution of

Y (t) = — (a(t) + %)y(t) + /0 b(t, s)y(s)ds (2.30)

with the same initial function—i.e., yi(t) = @(t) for 0 < ¢ < 1.

Now consider the difference x(t) — yy(t). For t > t,
d

1) — ()] = —a(®)[x(t) — wi ()] + %yk(b‘)

+/0 b(t, s)[x(s) — yr(s)] ds.

J(t) = exp ( /0 (o) dv)

and replacing a(t)u(t) with p'(t), we obtain

S (O() = (0)) = O+ () [ ble,)fa(s) ()] s

Multiplying this by

23



Then an integration from %, to t yields

oft) ~ i) = ;[ Enio s

"u) [
; / B bt slats) = (o) ds g

for all t > tg. As x(t) = yi(t) on [0, tg], it follows that

/ % e(6)] e (231)

0
P [t
/0 o / 66, )| |(s) — yu(s)| ds d

| =

|z(t) — yr(t)] < (
+
for all t > 0.

In the context of (2.30) [y’(t) = — (a(t)Jr%)y(t)JrfJ b(t, s)y(s) ds] :
the inequality (2.10) is

lyr(t)| < Mi(to)|pls,, forallt > t, (2.32)

where

to 1 to
M. (o) = 1+/ [a(s) o / b(u, s)| du] ds.
0 s
In fact (2.32) holds for all t > 0 as yi(t) = ¢(t) on [0,%] and
My (tg) > 1.

Now observe that the upper bound in (2.32) can be replaced by one
that is independent of k:

lye(t)] < Mi(to)|epls,
for all k € N and ¢t > 0.
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Then |yx(t)] < Mi(to)|elt, and (2.18) imply

t t t
/0 HE ()] g = / e ey (€)] de < LMt ol

pu(t)
(2.33)
for all £ > 0. As for the iterated integral in (2.31), interchanging the
order of integration and applying (2.19), we obtain

“ul) [
/0 o /0 b€, 9)] [(s) — yals)| ds d (2.34)

= [ ([ e e into) - s s

< / p(s)|x(s) — yuls)] ds.

Kook oK oK SR SR SR R KKK R R R K SR SR SR SR R K KK R R R SR SRR SRR SR R R ok ok Sk Sk sk SRk skokoskok skok sk skoskoskokokok sk

There exists a constant L such that

t
/ e Jeemdn ge < 1w >, (2.18)
0

There exists a nonnegative p € L'[0, 0o) such that

¢ t
/ e Je W pe $Yde < p(s), Wt > s> 0. (2.19)

S
Kook ok oK R SR SR SR R R SRR R R R SR SR SR SR R R K KK R R R SR SRR SR SR SR R R ok ok Sk Sk sk SRk skoskoskok skosk sk skoskoskokokok sk
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It follows then from (2.31), (2.33), and (2.34) that

o(6) = (9] < LMl + [ o)) — o) ds
for t > 0. By Gronwall’s inequality;,
o(t) — (0] < LM (fo)gly €0
Consequently,
[o(6)] < lyeld)] + LM (to)lpley BP0 <00 (239

for all ¢ > 0. This with y,(t) — 0 as t — oo for every k € N implies
that z(t) — 0 as t — oo. O

26



REFERENCES

[1] M. Abramowitz and I. A. Stegun (Eds.), Handbook of Mathematical Func-
tions with Formulas, Graphs, and Mathematical Tables, 2nd printing, Na-
tional Bureau of Standards, Applied Mathematical Series 55, 1964.

[2] 1. Barbalat, Systems d’équations différentielle d’oscillations nonlinéaires,
Rev. Roumaine Math. Pures Appl. 4 (1959), 267-270.

[3] L. C. Becker, Scalar Volterra Integro-Differential Equations, Maple Appli-
cation Center (www.maplesoft.com /applications), August 2007.

[4] L. C. Becker, Principal Matrix Solutions and Variation of Parame-
ters for a Volterra Integro-differential Equation and its Adjoint, F. J.
Qualitative Theory of Diff. Equ., No. 14 (2006), 1-22 (www.math.u-
szeged.hu/ejqtde/2006/200614.html).

[5] L. C. Becker, Stability considerations for Volterra integro-differential equa-
tions, Ph.D. dissertation, Southern Illinois University, Carbondale, IL,
1979. (A PDF version of the entire dissertation can be found at the Web
site: http://www.cbu.edu/ Ibecker /Research.htm.)

[6] R.P. Boas, Jr., A Primer of Real Functions, Third Edition, Carus Math-
ematical Monographs, No. 13, MAA, 1981.

[7] T. A. Burton, Volterra Integral and Differential Equations, Second Edi-
tion, Mathematics in Science and Engineering, Vol. 202, Elsevier, Ams-
terdam, 2005.

[8] T. A. Burton, Stability and Periodic Solutions of Ordinary and Functional
Differential Equations, Dover Publications, Mineola, New York, 2005.

[9] T.A. Burton, Stability Theory for Volterra Equations, J. Differential
Fquations 32 (1979), 101-118.

[10] T. A. Burton and W. E. Mahfoud, Stability Criteria for Volterra Equa-
tions, Trans. Amer. Math. Soc. 279 (1983), 143-174.

[11] C. Corduneanu, Principles of Differential and Integral Equations,
Chelsea Publishing Co., New York, 1977.

[12] C. Corduneanu, Integral Equations and Stability of Feedback Systems,
Mathematics in Science and Engineering, Vol. 104, Academic Press, New
York, 1973.

[13] W. Fulks, Advanced Calculus, Second Edition, John Wiley & Sons, New
York, 1969.

[14] P. Hartman, Ordinary Differential Equations, reissue of 1982 second ed.,
in: Classics in Applied Mathematics 38, STAM, Philadelphia, 2002.

27



[15] V. Lakshmikantham and S. Leela, Differential and Integral Inequalities,
Mathematics in Science and Engineering, Vol. 55-1, Academic Press, New
York, 1969.

[16] H. Logemann and E.P. Ryan, Asymptotic Behaviour of Nonlinear Sys-
tems, Amer. Math. Monthly 111 (2004), 864-889.

[17] R. K. Miller, Asymptotic Stability Properties of Linear Volterra Inte-
grodifferential Equations J. Differential Equations 10 (1971), 485-506.
[18] T. Yoshizawa, Stability Theory and the Ezistence of Periodic Solutions
and Almost Periodic Solutions Applied Math. Sciences, Vol. 14, Springer-

Verlag, New York, 1975.

28



