Computer Numbers

> restart;Digits:=60;
Digits == 60

[ Some IBM compatible micros once used 64 binary (0 or 1) bits to represent a real number. An example
| is the following:

> r:="0 10000000111
1011100101010000000000000000000000000000000000000000" ;

r:="010000000111 1011100101010000000000000000000000000000000000000000"

:We use the length command to check the length of our string.
> length(r);
66

[ We are OK since we used two spaces. The first digit indicates the sign of the number, 0 for positive and
| 1 for negative.
> s: =0;
s:=0

[ The next group of 11 numbers gives an exponent called the characteristic. The characteristic ¢ for our 11
| numbers 10000000111 is
i c= 192"+ %22 + 1%2 4 1%2°,
| Notice that the powers decrease from 10 to 0 going from left to right.
[> ©:=1%2710+1*2"2+1%2"1+1%2"0;

c:=1031

:You can see the pattern. The largest possible characteristic is
> largest_c:=sum(1*2"i,i=0..10);
largest c:=2047

[Tn forming a computer real, we subtract 1023 from the characteristic, giving exponents ranging from
| -1023 to 1024.

The final group of 52 numbers 1011100101010000000000000000000000000000000000000000 is a
| binary fraction called the mantissa. Here the mantissa is

3 4 5 8 10
f:1%~+1(%)-+1(%)-+1(%)-+1(%)-+1(%) +1(%)
(> £:=1%(1/2) 1+1%(1/2)"3+1*%(1/2)"4+1*(1/2)"5+1%(1/2)"8+1*(1/2)
~10+1%(1/2)~12;
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:We change to a decimal fraction.
> df:=evalf(f);
df:=0.723876953125000000000000000000000000000000000000000000000000

| The largest possible mantissa is

> largest f:=sum(1*(1/2)"i,i=1..52);

] ;o 4503599627370495
argest /= 4503599627370496




| Again we change this to a decimal fraction.
> dlargest_f:=evalf(largest_f);
dlargest f:=0.999999999999999777955395074968691915273666381835937500000000

_Using the sign, characteristic, and mantissa, the real number is then formed as

real= (-1)°2(¢=1023) (1 4 £

The 1 added to the fis a normalization that saves storage and provides a unique representation for each
| floating point number.
[ > computer_real:=evalf((-1)"s*2"(c-1023)*(1+£f));

computer_real :=441.312500000000000000000000000000000000000000000000000000000

:Let's find the next smallest computer real.

[> smaller_r:="0 10000000111
1011100101001111111111111111111111111111111111111111";

smaller r:="0 10000000111 1011100101001 11 1111111111111ttt aeaaeaaann”
> £:=1%(1/2)71+1%(1/2)"3+1*(1/2) 4+1*(1/2)"5+1*(1/2) 8+1*(1/2) 10+
sum(1*(1/2)"7i,i=13..52);

f= 3260051976355839

4503599627370496

> df:=evalf(f);
df:=0.723876953124999777955395074968691915273666381835937500000000

> smaller computer real:=evalf((-1)"s*2"(c-1023)*(1+f));
smaller _computer real = 441.312499999999943156581139191985130310058593750000000000000

;Now let's find the next largest computer real.
> larger _r:="0 10000000011
1011100101010000000000000000000000000000000000000001 " ;
larger r:="0 10000000011 1011100101010000000000000000000000000000000000000001"
> £:=1%(1/2)"1+1*(1/2)"3+1*(1/2)"4+1*(1/2)"5+1%(1/2)"8+1*(1/2)
~10+1*(1/2)712+1*(1/2)"52;
f= 3260051976355841
" 4503599627370496

> ff:=evalf(f);
J:=0.723876953125000222044604925031308084726333618164062500000000
[> larger computer real:=evalf((-1)"s*2"(c-1023)*(1+£f));
larger computer real =441.312500000000056843418860808014869689941406250000000000000

:In general, one computer real represents half the real numbers between it and its two nearest neighbors.

| We jump the value of Digits to 400 for the next part of the worksheet;
> Digits:=400;
Digits =400

:The smallest normalized positive real is

> "0 00000000000
0000000000000000000000000000000000000000000000000001 " ;

"0 00000000000 0000000000000000000000000000000000000000000000000001"

;and evaluates to
> smallest_pos_real:=evalf (2" (-1023)*(1+2"(-52)));




smallest pos real :=

1.112536929253600938577939279289474120394004424341852097806565015605984430199800\
3482648952146106314429319518506835140954008585648036355955177563613706587576099\
5278700215694022839016166887699408195886936644796230371146350565390269066985408\
2668064822372476489476060948954539192629168295092589480939994257521375739131803\
8010840218110155646350227416036982422856551956112981967804161220311948453638445\

09336 1078

:Numbers with a magnitude less than this result in underflow and are usually set to 0.

| The largest positive real is

> "0 11111111111
11111111111111212111112111111111112111111111111111111111";

"O111111trrr 1L I I I e e et

;and evaluates to
> largest_pos_real:=evalf (2" (1024)*(2-2"(-52)));
largest pos real =

3.595386269724631416290548474634087135961411350516899931978349536063145215600570\
7752117911726553375634308091790702876492846864265377892836553693509340707503397\
2099821153102564152490980180778657888151737016910267884609166473806445896331617\

118664246696549595652408289446337476354361838599762500808052368249716736 10°°°

:Numbers larger than this in magnitude result in overflow and typically cause computations to halt.
| A natural question would be to ask how many computer reals such a computer has.




