Fourier Series

 Period 2mtover theinterval [Tt 1.
[ >

> restart:with(plots):
Warni ng, the name changecoords has been redefined

L We begin by considering the function
[ > f:=piecew se(x<-Pi/3,0,x<Pi/3,1,0);

0 x<—£n
3

f= 1 x<£n
3

| 0 otherwise

[ over theinterval x = —TL.11, whose plot is below.

> p[0]:=plot(f,x=-Pi..Pi,thickness=3,discont=true):
di splay(p[0]);
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L We will approximate this function by Fourier polynomials of degrees 1 through 15.
| > n: =15;

n:=15

1 T
We first compute the coefficient a, = > F|j f(x) dx.
-

(> a[0]:=(1/(2*Pi)) *int(f,x=-Pi..Pi);
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Next we use aloop to compute the coefficients a, = e F|j f(x) cos(k x) dx and b, = =

-

Tt
F|j f(x) sin(k x) dx , along with the Fourier polynomials

-

Fo(X) =a5 + %z a, cos(k x) §+§‘z by sin(k x) %for n=1.15.
=1 =1

"> for k froml to n do
a[kl]:=(1/Pi)*int(f*cos(k*x),x=-Pi..Pi);
b[K]:=(2/Pi)*int(f*sin(k*x),x=-Pi..Pi);

FLk]:=a[ 0] +sunm("a[i]*cos(i*x)","i"=1..K)+sunm('b[i]*sin(i*x)","i"=1..k
);
od;
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b,:=0
Fl.:%+—“/§°;’s(x)
143
b,:=0
1
—ﬁcos(Zx)
Fz::%+ﬁc]:S(X) +2 -
a;:=0
b;:=0
1
—ﬁcos(Zx)
F3::%+ﬁc]:s(x) +2 -
143
a=-142
b,:=0
1
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143
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a;:=0
bs;:=0
1
F '—E+ﬁws(x) +§ﬁm8(2X) 14/3cos(4x) 143 cos(5x)
6.—3 - - 2 = - >
143
% 7
b,:=0
E. = 1 W/_COS(X) «/_COS(2x) E«/§008(4X) 1»\/_COS(5X) «/_COS(7X)
_1438
8 T
bg:=0
F. = 1 */_COS(X) «/_cos(2x) E'\/ECOS(4X) _1«/_COS(5X) «/_COS(7X)
543 o8%)
* Tt
a:=0
by:=0
o=l «/_COS(X) «/_cos(Zx) _14/3 cos(4x) _1*\/—003(5X) */_COS(7X)
9-— 3 T L 4 T 5 T -
%ﬁcos(8x)
* Tt
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0= 10{
byo:=0
e 1, 3esn) 33 o020 1 yFosax) 143ws5) | 23 cos(7x)
10_3 T m 4 I 5 - -
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. _1 43 c05(10%)
n 10 T
143
all::_ﬂg
by, :=0
e 1, A3esn) 33 o020 1Fosaxn) 14Feoxsn) 23 cos(7x)
11_3 T T 4 I 5 T -
1
+§ﬁw$(8X) _iﬁcos(lox) 1 4/3 cos(11x)
18 10 T 11 -
a,,:=0
by,:=0
e 1, A3es(n) 33 o020 1 Fosaxn) 1Feoxsn) 23 cos(7x)
12_3 T T 4 I 5 T -
1
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by :=0
e o1, 4300 | J_COS(ZX) 1/3oos4x) 13cox5%) | «/_cos(7x)
13-~ 3 T L 4 T 5 T -
1
+g«/§c~,os(8x) 1 Boos(10%) _1 {Boos(ilx) | «/_cos(l3x)
n 10 Tt 11 T T
_ 143
T
by, =0
F E */_COS(X) «/_cos(2x) E«/ECOS(4X) 1«/_cos(5x) —«/_COS(7X)
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1
ﬂﬁcos(Mx)

Tt
a;5:=0
b;5:=0
L 1
23 ol = /3 cos(7
F .:E+'\/§COS(X) +2’\/_COS( X) _E'\/§COS(4X) _1’\/5005(5)() +7’\/_005( X)
15-7 3 Tt Tt 4 T 5 - -

= 1
gﬁcos(SX) 1 4/3cos(10x) 1 43 cog(11x) LE«ECOS(BX)

n 10 Tt 11 T -

1
ﬂﬁcos(Mx)

+

L T
" Next we plot f(x) along with each of the F,(x) for n = 1..15.
> for k from1l to n do
p[ k] :=pl ot (F[ k], x=-Pi .. Pi,thi ckness=3, di scont =t rue, col or=bl ue):
od:
>for k from1l to n do
k;
di splay(p[ 0], p[k]):
od;
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We see that the successive Fourier polynomials give better and better approximationsto f(x).
Although they may not be as accurate as Taylor polynomials near a given point, they do a better job
of approximating a function over an entire interval. They are especially good for approximating



| periodic functions. Let's extend f(x) by aperiod in each direction with x = -3 1.3 .
[ > f:=piecewi se(x<-7*Pi/3,0,x<-5*Pi /3,1, x<-Pi/3,0,x<Pi/3, 1, x<5*Pi /3,0, x<
7*Pi/3,1,0);

0 X<—=TI
1 X<——=TI

0 X<—=TI

3
1 x<§n
0 x<§n

3
1 x<zn

3

_..,
1
N
=

| 0 otherwise
[ We graph the extention.
> p[0]:=plot(f,x=-3*Pi..3*Pi,thickness=3, di scont=true):

di splay(p[0]);
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E We now plot the extended f(x) aong with each of the F,(x) for n = 1..15.

> for k from1l to n do
p[ k] : =pl ot (F[ k], x=-3*Pi .. 3*Pi, t hi ckness=3, di scont =t rue, col or=bl ue) :
od:

> for k from1l to n do
K;




di spl ay(p[ 0], p[Kk]):
od;
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Period b over theinterval [- > ol
[ >
> restart:with(plots):
Warni ng, the name changecoords has been redefined

L We begin by considering the triangular wave function
[ > f:=piecew se(x<-2,0, x<-1, x+2, x<0, - x, x<1, X, X<2, 2-x, 0);

0 X<-2
X+2 x<-1
fom =X x<0
| X x<1
2 —X X<2

0 otherwise

© over theinterval x = -2..2 with period b = 2, whose plot is below.
> p[0]:=plot(f,x=-2..2):
di splay(p[0]);
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[ We will approximate this function by Fourier polynomials of degrees 1 through 15.
| > n: =15;

n:=15

b

1 2
We first compute the coefficient a; = o F|j f(x) dx.
b

> a[0]:=(1/2)*int(f,x=-1..1); i

-1
aO'_Z

b
2

2 2 Ttk X 2
Next we use aloop to compute the coefficients a, = o % f(x) COS%T %dx and b, = o

N| o

b
2

2 Ttk
% f(x) sin%% %dx, along with the Fourier polynomials

N| o

n

n
2k 2k
Fu(X)=a,+ éz akcos%%%+éz bksin%%%for n=1.15, keepinginmindthat b =2
1

= =1
here.




> for k from1l to n do
a[k]:=int(f*cos(Pi *k*x), x=-1..1);
b[K]:=int(f*sin(Pi*k*x),x=-1..1);
F[k]:=a[ 0] +sum("a[i]*cos(Pi*i*x)"',"i"'=1..k)+sun('b[i]*sin(Pi*i*x)"', 6 "i
'=1..k);
od;

by :=
_1 4cos(mtx) 4 cos(31mx)

Fs: > 2 9 2
a,:=0
b,:=0
E _1 4cos(mtx) 4 cos(31x)
T2 1% 9
41
as —gg
b;:=0
E 1 4cos(mx) 4cos(3mx) 4 cos(51x)
> 2 e 9 2 25
a;:=0
bs;:=0
E _1 A4cos(mix) 4cos(31mx) 4 cog(5TX)
62 e 9 2 25
41
8.7.——E¥
b,:=0

_1 4cos(mx) 4cos(3mx) 4 cog(5mX) 4 cos(7TX)
2 nz 9 2 25 2 49
ag:=0

F,:




bg:=0

E 1 4cos(mx) 4cos(3mx) 4 cos(5mx) 4 cos(7TmX)
872 v 9 25 2 49 7
41
2 )
by:=0
F__E_4cos(nx) _4cog(3mx) 4 cog(5mX) 4 cos(7mXx) 4 cos(9TX)
972 e 9 2 25 49 81 17
a,0:=0
by:=0
F _1 4cos(mx) 4cos(3mx) 4 cos(5mx) 4 cos(7mx) 4 cos(97mx)
1072 o 9 2 25 49 81 2
41
all-__EF
b;;:=0
E 1 4cos(mx) 4cos(3mx) 4 cos(5mx) 4 cog(7mx) 4 cos(9Tmx)
12 v 9 25 2 49 7 81 12
4 cos(11T1x)
121
a,,:=0
b,,:=0
E 1 4cos(mx) 4cos(3mx) 4 cos(5mx) 4 cog(7mx) 4 cos(9Tmx)
272 i 9 25 12 49 P 81 1P
4 cos(111Xx)
121
41
3-13-—_@¥
b;3:=0
E 1 4cos(mx) 4cog(3mx) 4 cos(5mx) 4 cog(7mx) 4 cos(97mx)
B2 I 9 25 12 49 P 81 1P
4 cos(llimx) 4 cos(13T1X)
121 169 2
a,:=0
b,,:=0
E 1 4cos(mx) 4cos(3mx) 4 cos(5mx) 4 cog(7mx) 4 cos(9Tmx)
1“2 mw 9 2 25 49 81 2
4 cos(llimx) 4 cos(13T1X)
121 2 169



41
225 12
b;5:=0

Qi .=

1 4cos(mtx) 4cosg(3mx) 4 cos(STX) 4 cos(7TX) 4 cos(9TX)

2 @ 9 1 25 9 ¢ 8l 1
4 cos(llimx) 4 cos(13mx) 4 cos(15T1Xx)

121 169 2 225 2

E Next we plot f(x) along with each of the F,(x) for n=1..15.
> for k from1 to n do
p[ k] : =pl ot (F[ k], x=-2.. 2, col or=bl ue):

Fis:

od:
>for Kk from1l to n do
K;
di splay(p[ O], p[K]):
od;
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[ Again, we see that the successive Fourier polynomials give better and better approximations to f(x).
C>
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