Chain Rule

E> restart;

Derivative of a single variable.
B z

0
We want to find p fwhere f = )%, X =rcos(t),y=rsin(t), and z=tan(t). We enter the four

_expressions and take the derivative.
> f:=x/y*exp(2);

f.= Xe
| y
> x:=sin(t);

X :=sin(t)
> y:=cos(t);

y := cos(t)
> z:=tan(t);

Z:=tan(t)

> derivative:=diff(f,t);
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sin(t)2 ¢V L sin() (1 + tan(t)?) "V

i cos(t)? cos(t)

derivative := e

EWe simplify the derivative.

[ > derivative:=simplify(%,trig);
sin(t)
cos(t)

(sin(t) + cos(t))
cos(t)®

[We can also find higher derivatives, for instance, the third derivative.
> third_derivative:=diff (£f,t$3);

derivative ;=
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+ - ~~ 7

2
third_derivative := 6 tan(t) (1 + tan(t)?) e®™¥ + 3 (1 + tan(t)?) " ™"V 4 2 ™V 5
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cos(t) cos(t)

2ssin(t) (1+ tan(t)z)zeta”(t) L Asin() tan(t)? (1 + tan(t)?) ™"V
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6sin(t) tan(t) (1 + tan()) eV sin(t) (1 + tan(t)?)’ e
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[This certainly needs simplifying.



i

> third_derivative:=simplify(%,triqg);
sin(t)

eV (-sin(t) + 4sin(t) cos(t)* — 18 sm( ) cos(t)® + 4 cos(t)° — 9 cos(t) )
cos(t)’

third_derivative := -

[You can also do the same thing using function notation, as follows.
> x:=t->sin(t);

X :=t—sin(t)
[ > y:=t->cos(t);
y :=t—cos(t)
> z:=t->tan(t);
z:=t—tan(t)
> f:=(x,y)->x(t)/y(t)*exp(z(t)); 0
X(t) €
= (xy)— 0
i y(t)
[ > derivative:=diff(f(x,y),t);
. 2 _tan(t) : 2\ tan(t)
sin(t)“e sin(t) (1 +tan(t)”) e
derivative := ¢®® 4 SN — + (1) ( ()°)
cos(t) cos(t)
[ > derivative:=simplify(%,trig);
sin(t)
cos(t) .
N sin(t) + cos(t
derivative := (Sin(t) + cos(t))

cos(t)®
(> third _derivative:=diff(f(x,y),t$3);

8 sm( )2 etan(t)

2
third_derivative := 6 tan(t) (1 + tan(t)?) eV + 3 (1 + tan(t)?) " ™"V 4 2™V 4
cos(t)?

6 sin(t) (1 + tan(t)z) etan(t N 65in(t)4etan(t) N 65in(t)3 (1 + tan(t)z) etan(t)
cos(t) cos(t) cos(t)®

tan(t) tan(t)
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> third_derivative:=simplify(%,trig);
sin(t)
cos(t) [ : . . 2 5
third_derivative := - © (-sin(t) + 4 sin(t) cos(t)* — 18 sm( ) cos(t)” + 4 cos(t)” — 9 cos(t) )
cos(t)’

7Partial Derivatives.




The next example deals with converting from rectangular to polar coordinates. Suppose z=3 y2 e’ We
| want to find all of the first and second order partial derivatives.

[ > restart;

> z:=3*y"2*exp(x);

2:=3y* e

[We enter the equations for the change of variables.
[ > x:=r*cos(theta);
x:=rcos(0)
> y:=r*sin(theta);
y:=rsin(0)
[We find the first-order partial derivatives.
> zZ[r]:=diff(z,r);
Z =6 rsin(e)2 e 0 4 32 sin(e)2 cos(9) e ¥

(> Z[theta]:=diff(z,theta);
Z,:=6 Psin(6) 9 cos(8) — 3 sin(6)° " X®)

[We find the second-order partial derivatives.
> Z2_r r:=diff(z,r$2);
Zrr=6sin(6)" e % + 12 rsin(6)° cos(8) e ® + 3 Psin(8)° cos(8)’ e ®)
> Z_r theta:=diff(diff(z,r),theta);
Z r_theta:= 12 rsin(0) e® cos(0) — 9 rzsin(e)sercos(e) +6sin(0) cos(e)2 g cos(0)

—313sin(6)° cos(0) e ®)

> Z_theta_theta:=diff(z,theta$2);

Z_theta_theta:= 6 ¥ cos(8) e ®® — 15 Psin(0)° " cos(0) — 6 sin(0)” e ®)
+3r sin(e)4 g" c0s()

Implicit Differentiation.

[ > restart;

[The following equation defines z as an implicit function of x and y.

[ > eqn:=3*y*z"2-exp(4*x)*cos(4*z)-3*y"2=4;
eqn:=3y7Z —e**cos(4z2) —3y*=4

KWe take the implicit partial derivatives of z with respect to x and y using the implicitdiff command.
[ > Z_x:=implicitdiff(eqn,z,x);
2 e**cos(4 2)

3yz+2e**sin(4z)

Z X:=

> Z_y:=implicitdiff(eqn,z,y);

3 —22-|—2y

Z_y.—i I
3yz+2e7sin(4z)




