
6 10. VECTORS AND THE GEOMETRY OF SPACE

Theorem (1.1). V2 is a vector space.

Proof. (of (2))

(u + v) + w = (hu1, u2i + hv1, v2i) + hw1, w2i =

hu1 + v1, u2 + v2i + hw1, w2i = h(u1 + v1) + w1, (u2 + v2) + w2i =

hu1 + (v1 + w1), u2 + (v2 + w2)i = hu1, u2i + hv1 + w1, v2 + w2i =

hu1, u2i + (hv1, v2i + hw1, w2i) = u + (v + w)

Note. For any two distinct points A(x1, y1) and B(x2, y2),
−→
AB corresponds

to the position vector hx2 − x1, y2 − y1i.

Any vector can be written in terms of the standard basis vectors

i = h1, 0i and j = h0, 1i.
For any a ∈ V2,

a = ha1, a2i = ha1, 0i + h0, a2i = a1h1, 0i + a2h0, 1i = a1i + a2j.

We call a1 and a2 the horizontal and vertical components of a

Note. kik = kjk = 1.

A unit vector is a vector a where kak = 1.

Theorem (1.2). For any nonzero vector a, a unit vector having the
same direction as a is

u =
1

kaka.

Proof.

a 6= 0 =⇒ kak > 0 =⇒ u is a positive scalar multiple of a =⇒
u has the same direction as a.

kuk =
∞∞∞

1

kaka
∞∞∞ =

ØØØ
1

kak

ØØØ · kak =
1

kak · kak = 1.


