
5. THE CHAIN RULE 89

Problem. Find
d

dt

£
f(x, y)

§
if x and y are functions of t.

Let g(t) = f(x(t), y(t)). Then
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f(x(t), y(t))
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= g0(t) = lim

∆t→0

g(t + ∆t)− g(t)
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x(t + ∆t), y(t + ∆t)

¢
− f

°
x(t), y(t)

¢

∆t(
Let ∆x = x(t + ∆t)− x(t), ∆y = y(t + ∆t)− y(t),

∆z = f
°
x(t + ∆t), y(t + ∆t)

¢
− f

°
x(t), y(t)
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= lim
∆t→0

∆z

∆t
(

Recall ∆z = ∂f
∂x∆x + ∂f

∂y∆y + ≤1∆x + ≤2∆y

where ≤1, ≤2 → 0 as (∆x, ∆y) → (0, 0)

)

= lim
∆t→0

∂f
∂x∆x + ∂f

∂y∆y + ≤1∆x + ≤2∆y

∆t

=
∂f

∂x
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+
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∆y

∆t
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∆t→0

∆y
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.

Now lim
∆t→0

∆x

∆t
= lim

∆t→0

x(t + ∆t)− x(t)

∆t
=

dx

dt
. Similarly, lim

∆t→0

∆y

∆t
=

dy

dt
.

lim
∆t→0

∆x = lim
∆t→0

£
x(t + ∆t)− x(t)

§
= 0 since x(t) is continuous. Similarly,

lim
∆t→0

∆y = 0. Thus, since (∆x, ∆y) → (0, 0) as ∆t → 0, we have

lim
∆t→0

≤1 = lim
∆t→0

≤2 = 0. Then

d

dt

£
f(x(t), y(t))

§
=

∂f

∂x
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+
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∂y
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+ 0 · dx
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+ 0 · dy
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=
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∂x
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