4. HERMITE INTERPOLATION 59
This relationship from the previous theorem along with the Newton interpo-
latory divided-difference formula gives us an alternate method for formulating
Hermite approximations.

Suppose we are given distinct numbers xg, 1, . . ., z, along with the values of
f and f’ at these values. Define a new sequence zg, 21, . . . , Zon41 by

2o = Zop41 = T, foreach k=0,1,...,n.
Then construct a divided-difference table using the variables zg, 21, ..., zop11.

However, since 29 = 29141 = x for each k, we cannot use

J [Z2k+1] —f [sz}

fl22k, 20141] =
R2k+1 T R2k
since the denominator is 0. But for each k, flzk, k1] = f/(&) for some
number &, in (T, z411) by the MVT and  lim  flzg, 2541] = f'(21). Thus
Tht1 T

we use the substitutions f|zok, zor11] = f'(x) and so we use

f(wo), fi(21), -0, ()

for

f[Z(), Zl]? f[z2a 23}7 R f[22n7 ZQ?H—I]-
Everything else in the divided-difference table is done as usual.

THEOREM (Divided-Difference Form of the Hermite Polynomial). If f €

Cla,b] and xg, 21, ..., x, are distinct in [a,b], then
2n+1
Hopi1(x) = flzo] + Z flzo, 215 21 £$ — ) -+ (x — Zk—Q,
k=1 basis f%ctions

where zor, = zopr1 = ) and flzo, zok11] = f/(xg) for each k =0,1,...,n.



