
12 2. THE REAL NUMBERS

Some Properties of R

Theorem (2). If z, a 2 R 3�� z + a = a, then z = 0.

(i.e., the number 0 guaranteed by (A3) is unique.)

Proof. By (A4), 9 � a 2 R 3�� a + (�a) = 0.

Then

z

=
A3

z + 0 = z +
⇥
a + (�a)

⇤
=
A2

(z + a) + (�a)

= a + (�a) = 0.

⇤

Theorem (3). Let a, b 2 R. Then a + x = b has the unique solution
x = (�a) + b.

(i.e., we are difining a� b.)

Proof.

a +
⇥
(�a) + b

⇤
=
A2

⇥
a + (�a)

⇤
+ b =

A4
0 + b =

A3
b,

so (�a) + b is a solution.

For uniqueness, suppose y is any solution of the equation, i.e., a + y = b. Then

y

=
A3

0 + y

=
A4

⇥
(�a) + a

⇤
+ y

=
A2

(�a) + (a + y)

= (�a) + b

⇤


