2.1. THE ALGEBRAIC AND ORDER PROPERTIES OF R 13
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all fields
The last three all satisty the field axioms, so the field axioms do not characterize
R. Recall that Q is closed under + and -, ie., if a,b € Q, then a +b € Q and
a-beqQ.

Homework| Pages 29-30 #4 (Hint: assume a # 0 and prove a = 1), 5 (Hint:
1/(ab) = (1/a) - (1/b) if (1/a) - (1/b) does what 1/(ab) is supposed to do), 8b
(1st part)

Order Properties of R

R is an ordered field, i.e., the following properties are satisfied:

(1) (Trichotomy) For a,b € R, exactly one of the following is true: a < b,
a=0>b ora>0>.

(2) (Transitive) For a,b,c € R, if a < band b < ¢, then a < c.
(3) For a,b,c € R, if a < b, thena+c < b+ c.
(4) For a,b,c € R, if a < band ¢ > 0, ac < be.

Some Order Properties

THEOREM (4). If a,b € R, then a < b <= —a > —b.
PROOF.
a<b <
a+ [(—a)+ (=b)] <b+ [(—a)+ (-b)] =
la+(—a)] + (=b) <b+ [(=b) + (—a)|] <=
0+ (=b) < [b+ (=b)| + (—a) =
—b<0+4+(—a) <= —-b<—a <= —a>-b



