14 2. THE REAL NUMBERS

THEOREM (5). If a,b,c € R, then a < b and ¢ < 0= ac > bc

PROOF. c < ()= —¢c > 0.
TH4

Then a(—c) < b(—c) = —ac < —bc — ac > be.

THEOREM (2.1.9). Ifa e R>-0<a <€ Ve >0, then a = 0.

PROOF. Suppose a > 0.
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Sm%0<§<LO<§a<w

Let €y = %a.

Then 0 < €y < a, contradicting our hypothesis. Thus a = 0.

PROBLEM (Page 30 #18). Let a,b € R, and suppose a < b+ €
(ora —e <b)Ve>0. Then a <b.

PROOF. By way of contradiction, suppose b < a.

[Need to find an e that gives a contradiction.]

1
Let €9 = 5(@ —b). Then
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a—eg—a—é(a—b)—§a+§b>§b+§b—b,

contradicting our hypothesis. Thus a < b.



