
3.1. SEQUENCES AND THEIR LIMITS 39

(4) lim
⇣ 1

2n

⌘
= 0.

Proof. Given ✏ > 0.��� 1

2n
� 0

��� < ✏ () 1

2n
< ✏ () 1

✏
< 2n ()

ln
1

✏
< ln 2n () � ln ✏ < n ln 2 () � ln ✏

ln 2
< n.

Take K = max

⇢
1,
h� ln ✏

ln 2

i
+ 1

�
.

Then n � K =) n >
� ln ✏

ln 2
=)

��� 1

2n
� 0

��� < ✏. ⇤

(5) Let xn = 1 + (�1)n. X = (0, 2, 0, 2, . . . ).

lim(xn) does not exist.

Proof. [We use contradiction.]

Suppose lim(xn) = x. Then, 8 ✏ > 0,9 K 2 N 3�� 8 n � K, |xn � x| < ✏.

In particular, for ✏ = 1, 9 K 2 N 3�� 8 n � K, |xn � x| < 1.

But

(
|0� x| < 1 for n odd

|2� x| < 1 for n even
,

so 2 = |2� x + x|  |2� x| + |x|  |2� x| + |x� 0| < 1 + 1 = 2,

a contradiction.

Thus lim(xn) does not exist. ⇤


