3.2. LIMIT THEOREMS 49
THEOREM (3.2.7 — Squeeze Theorem). Suppose x, < y, < z, Vn € N
and lim(zx,,) = lim(z,). Then (y,) converges and

lim(z,) < lim(y,) < lim(z,).
PROOF. Let w = lim(z,,) = lim(z,). Given € > 0.
1K1 eN>>Vn> Ky, —e<uz,—w<e¢ and also
dK,eN>>-Vn> Ky, —e<z,—w<e.
Let K = maX{Kl, Kg}. Then forn > K,
— <, ap—w<y,—w<z,—Ww < €= Y, — w| < e.

N~
nZKl 7’L>K2

thus lim(y,) = w. ]

NOTE. The hypotheses of Theorem 3.2.4 thru Theorem 3.2.7 can be weak-
ened to apply to tails of the sequences rather than to the sequences themselves.
EXAMPLE.

(1) Find lim (COS”“).
n
1 1
SOLUTION. —1 <cosn<1=— —— < cosn < —.
n n n
1 1
Since lim ( — —) = lim (—) =0,
n n
lim (COS n) = 0 by the Squeeze Theorem. [
n



