
1.2. MTHEMATICAL INDUCTION 5

Problem (Page 16 #10). Find and prove a formula for

P (n) =
1

1 · 3
+

1

3 · 5
+ · · · +

1

(2n� 1)(2n + 1)
.

Solution. P (1) =
1

3
, P (2) =

1

3
+

1

15
=

6

15
=

2

5
,

P (3) =
1

3
+

1

15
+

1

35
=

35 + 7 + 3

105
=

45

105
=

3

7

Conjecture: P (n) =
n

2n + 1
.

Proof. Let S ✓ N 3�� P (n) =
n

2n + 1
.

1 2 S since P (1) =
1

1 · 3
=

1

3
=

1

2 · 1 + 1
.

Suppose k 2 S, i.e.,

P (k) =
1

1 · 3
+

1

3 · 5
+ · · · +

1

(2k � 1)(2k + 1)
=

k

2k + 1
.

Then

P (k + 1) =
1

1 · 3
+

1

3 · 5
+ · · · +

1⇥
(2(k + 1)� 1

⇤⇥
(2(k + 1) + 1

⇤ =

1

1 · 3
+

1

3 · 5
+ · · · +

1

(2k � 1)(2k + 1)
+

1

(2k + 1)(2k + 3)
=

k

2k + 1
+

1

(2k + 1)(2k + 3)
=

2k2 + 3k + 1

(2k + 1)(2k + 3)
=

(2k + 1)(k + 1)

(2k + 1)(2k + 3)
=

(k + 1)

2(k + 1) + 1
,

so k + 1 2 S.

Thus, by math induction, S = N. ⇤

⇤


