3.4. SUBSEQUENCES AND THE BOLZANO-WEIERSTRASS THEOREM
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THEOREM (3.4.2). If X = (x,,) converges to x, so does any subsequence

PROOF. Let € > 0 be given. Since (x,,) converges to x,

1K eN>Vn>K, |r, — x| <e Since
Ny <ng<--<my<--

is an increasing sequence in N, ng > kV k € N.
Let K" =ng. Then, V n, > K' = ng, n, > K = |z, — | <e.
Thus (z,,) converges to .

EXAMPLE. For ¢ > 1, find lim(c%) if it exists.

SOLUTION.
(a) x, = ¢ > 1V neN, so (x,,) is bounded below.

1 1 [N g
(b) zp, — Tpyq = v — cndT = il (c"(”H) — 1) >0VneN,

80 () is decreasing.
(¢) Thus lim(x,) = x exists.

[Using a subsequence to find x.]

1 1\ L
Now x9, = c2n = (cn)2 = (ajn)Q, SO

D=

x = lim(xy,) = lim ((z,)?) = 27 =

2

Since z,, > 1V n € N, lim(x,,) = 1.

r=r=1'-2=0=2(r-1)=0=2=00rz =1



