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Example. x1 = 1, x2 = 2, xn =
1

2
(xn�2 + xn�1) for n � 3.
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(a) (xn) is contractive. Thus (xn) converges.

Proof.
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(b) Note that
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(c) [To find lim(x2n+1) = lim(xn).]

x2n+1 � x2n�1 =
1

2
(x2n�1 + x2n)� x2n�1 =

1

2
x2n �

1

2
x2n�1 =

1

2
|x2n � x2n�1| =

1

2
· 1

22n�2
=

1

22n�1
.

Thus

x2n+1 = x2n�1 +
1

22n�1
= x2n�3 +

1

22n�3
+

1

22n�1
= · · · =

1 +
1

2
+

1

23
+

1

25
+ · · · +

1

22n�1
= 1 +

1

2

h
1 +

1

22
+

1

24
+ · · · +

1

22n�2

i
=

1 +
1

2

h
1 +

1

22
+

1

24
+ · · · +

1

22n�2

i
= 1 +

1

2

h
1 +

1

4
+
⇣1

4

⌘2
+ · · · +

⇣1

4

⌘n�1i
=

1 +
1

2
·
1�

�
1
4

�n

1� 1
4

= 1 +
1

2
·
4� 1

4n�1

4� 1
=

1 +
4� 1

4n�1

6
! 1 +

2

3
=

5

3
as n !1.

Thus lim(xn) = lim(x2n+1) =
5

3
.


